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We study exact renormalization group (RG) in O(4) gauged supergrav-
ity using the effective average action formalism. The nonperturbative RG
equations for cosmological and newtonian coupling constants are found. It
is shown the existence of (nonstable) fixed point of these equations. The
solution of RG equation for newtonian coupling constant is qualitatively the
same as in Einstein gravity (i.e. it is growing at large distances).
1.
There was recently much activity in the study of nonperturbative RG dy-
namics in field theory models (for recent refs., see [1]). One of the versions
of nonperturbative RG based on the effective average action has been devel-
oped in ref. [2] for Einstein gravity (the gauge dependence problem in this
formalism has been studied in ref [3]). The nonperturbative RG equations
for cosmological and newtonian coupling constants have been obtained in
ref. [2]. The comparison between quantum correction to newtonian coupling
from nonperturbative RG [2] and from effective field theory technique [4] has
been done.
It is quite interesting to generalize nonperturbative RG (or evolution equa-
tion) to supersymmetric versions of gravity theories. The theories of such
type with cosmological term are gauged supergravities (SG), which may show
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the way to solve the cosmological constant problem [10]. Moreover, if local
supersymmetry indeed exists in nature, it most probably should be realized
in its gauged form. Hence, the purpose of this work will be to study the
nonperturbative evolution equation in O(4) gauged SG which is considered
in components [1,2].
We follow the formalism of ref. [2] developed for gravitational theories. The
basic elements of it are the background field method (see [5] for a review)
and the truncated nonperturbative evolution equation for the effective aver-
age action Γk[g, g¯]:
∂tΓk[g, g¯] =
1
2
Tr
[(
Γ
(2)
k [g, g¯] +R
grav
k [g¯]
)−1
∂tR
grav
k [g¯]
]
−
Tr
[(
−M [g, g¯] +Rghk [g¯]
)
∂tR
gh
k [g¯]
]
(1)
where t = ln k, k is the nonzero momentum scale, Rk are cut-offs,M [g, g¯] are
ghost operators, g¯µν is the background metric, gµν = g¯µν + hµν where hµν is
the quantum field. Γ
(2)
k is the hessian of Γk[g, g¯] with respect to gµν at fixed
g¯µν (for more details see [2]).
Our purpose will be to get the explicit projected form of Eq. (1) to the space
of low derivatives functionals in O(4) SG, i.e. to obtain the nonperturbative
RG equations for cosmological and newtonian constants. Note that we work
on nonsupersymmetric De Sitter background. The local SUSY is broken due
to gauge fixing in graviton and gravitino sectors and due to the introduction
of cut-off terms.
2.
We will start from the theory with the following lagrangian density [6, 7] (see
also [11])
L = −2κ2R + 4κ2 ∂µΦ∂
µΦ∗
(1− |Φ|2)2 − 32g
2κ4
(
1 +
2
1− |Φ|2
)
+
1
8
(F ijµν)
2+
[
1
8
Φ
1− Φ2
(
Φδikδjl − 1
2
ǫijkl
)(
F ijµνF
kl
µν + iF
ij
µνF˜
kl
µν
)
+ h.c.
]
+
1
2
ǫµνρσΨ¯iµγ5γνDρΨ
i
σ +
2
√
2κg√
1− |Φ|2
Ψ¯iµσµνΨ
i
ν
2
+
1
2
χ¯iDˆχi +
2gκ√
1− |Φ|2
Ψ¯iµγµ (Φ1 + iγ5Φ2)χ
i + ... (2)
where κ2 = 1/32πG, quartic fermionic terms are not written explicitly in
(2), Dˆ = γµDµ, Dµ = D˜µ + gAµ, F˜µν =
1
2
ǫµνρσFρσ.
The fields content of such O(4) gauged SG includes: graviton, an O(4) gauge
field, a complex scalar Φ = Φ1 + iΦ2, four Majorana gravitino and four
Majorana spinors (for more details see [6, 7]). The action (2) is invariant
under N = 4 supersymmetry [6, 7, 11].
We work on De Sitter background (Rµν =
1
4
Rgµν) and put all rest background
fields to be zero.
The corresponding one-loop calculation of the effective action has been
actually done in ref. [8] (for a correspondent study on hyperbolic background,
see [12]). One has only to collect the corresponding pieces to Z = e−Γ, taking
into account the Jacobians. As a result we obtain:
ZΦ =
[
det△0(−6g2κ2)
]−1
, ZA =
[{det△0(0)}2
det△V (R/4)
]3
Zgrav =
{det△V (−R/4)}
det1/2△T (23R − V0/2κ2) det1/2△0(−V0/2κ2)
Zgravitino =
det△3/2(m2)
{det△1/2(4m2)} ,Zχ = det△1/2(0) (3)
Here the expressions written in {...} are the ghost contributions in the cor-
responding sector, V0 = −36g2κ4, m2 = 8g2κ2.
In the calculation of the graviton contribution to one-loop effective action
we used Fock-de Donder gauge. For the calculation of the vector contribu-
tion the standard minimal gauge has been used. The calculation of gravitino
contribution has been done in the gauge [8]:
Lg =
1
4
Ψ¯γ0(Dˆ + 2m)
−1Ψ (4)
where the gauge parameter γ0 is taken to be zero at the end of the calcula-
tions.
The following operators have been introduced:
△0(X)φ = (−D2 +X)φ , △1/2(X)ψ = (−D2 +R/4 +X)ψ
3
△3/2(X)φ⊥ν =
(
−D2µν +
1
3
Rgµν +Xgµν
)
φ⊥ν (5)
where indexes show the spin, Dµφ⊥µ = 0. More details can be found in refs.
[8, 9, 10]. Note that the operators △V and △T which correspond to vector
and tensor are not constrained (for details see [3])
det△V (X) = det(−D2 +X)V , det△T (X) = det(−D2 +X)T (6)
As one sees only gravitino contribution in (3) contains differentially con-
strained operator. In order to translate it to unconstrained operator one can
use the following relation [8]:
det△3/2(X) = [det(Dˆ +
√
X)ψµ
det(−D2 +X)ψ ]
2 (7)
where
[det(Dˆ +
√
X)ψµ ]
2 =
det{−gµνD2 + R
4
gµν − R
24
(γµγν − γνγµ) +Xgµν} (8)
Then, the gravitino contribution to the one-loop partition function may be
rewritten as
Zgravitino =
det3/2[−gµνD2 + R4 gµν − R24(γµγν − γνγµ) +m2gµν ]
{det△1/2(4m2)}[det1/2(−D2 − R4 +m2)]−2
(9)
Collecting all above pieces one can write the effective average action (we
suppose that cut-offs in all sectors are chosen to be the same)
Γ¯k[g, g] =
1
2
TrT ln
[
ZNk(−D2 + 2
3
R− 1
2κ2
V0 + k
2R(0))
]
+
1
2
Tr0 ln
[
ZNk
(
−D2 − 1
2κ2
V0 + k
2R(0)
)]
−TrV ln
[
−D2 − R
4
+ k2R(0)
]
+ Tr0 ln
[
ZNk
(
−D2 + 1
6κ2
V0 + k
2R(0)
)]
4
+3TrV ln
[
ZNk
(
−D2 + R
4
+ k2R(0)
)]
− 6Tr0 ln
[
−D2 + k2R(0)
]
−Tr1/2 ln
[
ZNk
(
−D2 + R
4
+ k2R(0)
)]
+2Tr1/2 ln
[
ZNk
(
−D2 +m2 + k2R(0)
)]
−Tr3/2 ln
[
ZNk
(
−gµνD2 + R
4
gµν − R
24
(γµγν − γνγµ) +m2gµν + k2R(0)gµν
)]
+Tr1/2 ln
[
−D2 + R
4
+ 4m2 + k2R(0)
]
(10)
Here ZNk is renormalization function (compare with ref.[2]).
3.
Let us write the exact RG equation for the theory with the action (2). We
differentiate the average effective action with respect to t, then we set g¯µν =
gµν . This corresponds to special choice of a field theory. It follows that the
gauge fixing term Sgf vanishes so that the LHS of the renormalization group
equation reads (see [2] for more details)
∂tΓk[g, g] = 2κ
2
∫
d4x
√
g
[
−R(g)∂t(ZNk) + 2∂t(ZNkλ¯k)
]
(11)
Now we want to find the RHS of the evolution equation. To this end, we
differentiate the average action (10) with respect to t. Then we expand
the operators in (10) with respect to the curvature R because we are only
interested in terms of order
∫
d4x
√
g and
∫
d4x
√
gR:
△−1i
(
aR− 2bλ¯k + k2R(0)
)
= △−1i
(
−2bλ¯k + k2R(0)
)
−
△−2i
(
−2bλ¯k + k2R(0)
)
aR + 0(R2) (12)
where a and b are the constants and λ¯k =
1
4κ2
V0. For a more compact notation
let us introduce
△˜ib(z) = △i
(
−2bλ¯k + k2R0(z)
)
(13)
N(z) =
∂t
[
ZNkk
2R(0)(z)
]
ZNk
N0(z) = ∂t
[
k2R(0)(z)
]
(14)
Here the variable z replaces −D2/k2. These steps lead then to
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∂tΓ¯k[g, g] =
1
2
TrT
[
N△˜−1T1
]
+
1
2
TrS
[
N△˜−1S1
]
− TrV
[
N0△˜−1V 0
]
+TrS
[
N△˜−1S,−1/3
]
+ 3TrV
[
N△˜−1V 0
]
− 6TrS
[
N0△˜−1S0
]
−Tr1/2
[
N△˜1/2,0
]
+ 2Tr1/2
[
N△˜−11/2,1/6
]
− Tr3/2
[
N△˜−13/2,1/6
]
+Tr1/2
[
N0△˜−11/2,2/3
]
− R
4
{
4
3
TrT
[
N△˜−2T1
]
+ TrV
[
N0△˜−2V 0
]
+3TrV
[
N△˜−2V 0
]
− Tr1/2
[
N△˜−21/2,0
]
−Tr3/2
[{
gµν − 1
3
σµν
}
N△˜−23/2,1/6
]
+ Tr1/2
[
N0△˜−21/2,2/3
]}
(15)
The terms with N0 are the contributions of the ghosts.
As a next step we evaluate the traces. We use the heat kernel expansion
which for an arbitrary function of the covariant Laplacian W (D2) reads
Trj
[
W (−D2)
]
= (4π)−2trj(I)
{
Q2[W ]
∫
d4x
√
g
+
1
6
Q1[W ]
∫
d4x
√
gR + 0(R2)
}
(16)
where by I we denote the unit matrix in the space of fields on which D2
acts. Therefore trj(I) simply counts the number of independent degrees of
freedom of the field The sort j of fields enters (16) via trj(I) only. Therefore
we will drop the index j of △¯ja after the evaluation of the traces in the heat
kernel expansion.
The functionals Qn are the Mellin transforms of W ,
Qn[W ] =
1
Γ(n)
∫
∞
0
dzzn−1W (z) (n > 0) (17)
Now we have to perform the heat kernel expansion (16) in Eq. (15). This
leads to a polynomial in R which is the RHS of the evolution equation (11).
By the comparison of coefficients with the LHS of the evolution equation
(11) we obtain in order of
∫
d4x
√
g
∂t(ZNkλ¯k) =
1
4κ2
1
(4π)2
{
5Q2
[
N△˜−11
]
− 10Q2
[
N0△˜−10
]
+ 8Q2
[
N△˜−10
]
6
+Q2
[
N△˜−1
−1/3
]
− 8Q2
[
N△˜−11/6
]
+ 4Q2
[
N0△˜−12/3
]}
(18)
and in order of
∫
d4x
√
gR
∂tZNk = − 1
24κ2
1
(4π)2
{
10Q1
[
N△˜−11
]
− 36Q2
[
N△˜−21
]
−20Q1
[
N0△˜−10
]
− 12Q2
[
N0△˜−20
]
+ 2Q1
[
N△˜−1
−1/3
]
−24Q2
[
N△˜−20
]
+ 16Q1
[
N△˜−10
]
− 16Q1
[
N△˜−11/6
]
+48Q2
[
N△˜−21/6
]
− 12Q2
[
N0△˜−22/3
]
+ 8Q1
[
N0△˜−12/3
]}
(19)
The cutoff dependent integrals are defined in [2]
Φpn(w) =
1
Γ(n)
∫
∞
0
dzzn−1
R(0)(z)− zR(0)′(z)
[z +R(0)(z) + w]p
Φ˜pn(w) =
1
Γ(n)
∫
∞
0
dzzn−1
R(0)(z)
[z +R(0)(z) + w]p
(20)
for n > 0. It follows that Φp0(w) = Φ˜
p
0(w) = (1 +w)
−p for n = 0. In addition
we use the fact that
N =
∂t
[
ZNkk
2R(0)(−D2/k2)
]
ZNk
= [2− ηN(k)] k2R(0)(z) + 2D2R(0)′(z) (21)
with ηN(k) = −∂t(lnZNk) being the anomalous dimension of the operator√
gR. Then we can rewrite the equations (18) and (19) in terms of Φ and Φ˜.
This leads to the following system of equations
∂t
(
ZNkλ¯k
)
=
1
4κ2
1
(4π)2
k4
[
10Φ12(λ¯k/k
2)− 4Φ12(0)
+2Φ12(−λ¯k/3k2)− 16Φ12(λ¯k/6k2) + 8Φ12(2¯λk/3k2)
−ηN (k)
{
5Φ˜12(λ¯k/k
2) + 8Φ˜12(0) + Φ˜
1
2(−λ¯k/3k2)− 8Φ˜12(λ¯k/6k2)
}]
, (22)
∂t(ZNk) = − 1
24κ2
1
(4π)2
k2
{
20Φ11(λ¯k/k
2)− 72Φ22(λ¯k/k2)
7
−8Φ11(0)− 36Φ22(0) + 4Φ11(−λ¯k/3k2)− 32Φ11(λ¯k/6k2)
+96Φ22(λ¯k/6k
2)− 24Φ22(2¯λk/3k2) + 16Φ11(2¯λk/3k2)
−ηN (k)
[
10Φ˜11(λ¯k/k
2)− 36Φ˜22(λ¯k/k2) + 2Φ˜11(−λ¯k/3k2)
+48Φ˜22(0) + 16Φ˜
1
1(0)− 16Φ˜11(λ¯k/6k2) + 48Φ˜22(λ¯k/6k2)
]}
(23)
Now we introduce the dimensionless, renormalized Newtonian constant and
cosmological constant
gk = k
2Gk = k
2Z−1NkG¯ , λk = k
−2λ¯k (24)
Here Gk is the renormalized Newtonian constant at scale k. The evolution
equation for gk reads then
∂tgk = [2 + ηN(k)] gk (25)
¿From (23) we find the anomalous dimension ηN(k)
ηN(k) = gkB1(λk) + ηN(k)gkB2(λk) (26)
where
B1(λk) =
1
3π
[
5Φ11(λk)− 18Φ22(λk)− 2Φ11(0)− 9Φ22(0)
+Φ11(−λk/3)− 8Φ11(λk/6) + 24Φ22(λk/6)− 6Φ22(2λk/3) + 4Φ11(2λk/3)
]
B2(λk) = − 1
6π
[
5Φ˜11(λk)− 18Φ˜22(λk) + Φ˜11(−λk/3)
−6Φ˜22(0) + 8Φ˜11(0)− 8Φ˜11(λk/6) + 24Φ˜22(λk/6)
]
(27)
Solving (26)
ηN (k) =
gkB1(λk)
1− gkB2(λk) (28)
we see that the anomalous dimension ηN is a nonpertubative quantity. From
(22) we obtain the evolution equation for the cosmological constant
∂t(λk) = − [2− ηN(k)]λk − 1
8π
gk
[
10Φ12(λk)− 4Φ12(0)
8
+2Φ12(−λk/3)− 16Φ12(λk/6) + 8Φ12(2λk/3)−
−ηN (k)
{
5Φ˜12(λk) + 8Φ˜
1
2(0) + Φ˜
1
2(−λk/3)− 8Φ˜12(λk/6)
}]
(29)
The equations (25) and (29) together with (28) give the system of differen-
tial equations for the two k-depending coupling constants λk and gk. These
equations determine the value of the running Newtonian constant and cos-
mological constant at the scale k << Λcut−off . Above evolution equations
include non-perturbative effects which go beyond a simple one-loop calcula-
tion.
Next, we estimate the qualitative behaviour of the running Newtonian con-
stant as above system of RG equations is too complicated and cannot be
solved analytically. To this end we assume that the cosmological constant is
much smaller than the IR cut-off scale, λk << k
2, so we can put λk = 0 that
simplify Eqs. (25) and (27). After that, we make an expansion in powers of
(G¯k2)−1 keeping only the first term (i.e. we evaluate the functions Φpn(0) and
Φ˜pn(0)) and finally obtain (with gk ∼ k2G¯)
Gk = Go
[
1− wG¯k2 + ...
]
(30)
where
w =
3
2π
Φ22(0) =
3
2π
In case of Einstein gravity, similar solution has been obtained in refs. [2,3].
In getting (30) we use the same cut-off function as in [2].
We see that w > 0, what means that the newtonian coupling decreases as
k2 increases; i.e. we find that gravitational coupling is antiscreening like in
Einstein gravity.
Let us now investigate the problem of existance of critical points in the theory
under investigation. We search the points at which r.h.s. of Eqs. (25) and
(29) are equal to zero. The numerical analysis of correspondent RG system
gives:
λk = −0.375 , gk = 1.36 (31)
These points actually correspond to UV unstable fixed points. Note that
solutions (31) do not give the solution of cosmological constant problem as
the result of non-perturbative RG running.
9
There are also fixed points with negative newtonian coupling constant.We
do not consider these points as non-physical ones.
In summary, we discussed exact RG equations for O(4) gauged SG and
found corresponding RG equations for cosmological and newtonian couplings.
As the approximate solution of these equations the antiscreening behaviour
of newtonian coupling constant is obtained. The critical point of SG model
under discussion is also evaluated.
Let us mention briefly few possible extensions of our results. First, it
would be very interesting to study the gauge dependence problem in the
models of SG. To do this one can use the gauge-fixing independent effective
action formalism (like in ref.[3] for Einstein gravity) or better truncation of
evolution equation which leads to few more nonperturbative RG equations for
gauge parameters. Second, it is desireable to generalize the effective average
action formalism using superspace background field method. Then one may
hope to get explicitly supersymmetric formulation of exact RG even at finite
cut-off.
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